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In the present paper, we introduce and investigate a certain subclass of meromorphic
close-to-convex functions. Such results as coefficient inequalities, convolution property,
distortion property and radius of meromorphic convexity are derived.
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1. Introduction
LetΣ denote the class of functions f of the form
f (z) = 1
z
+
∞−
n=1
anzn, (1.1)
which are analytic in the punctured open unit disk
U∗ := {z : z ∈ C and 0 < |z| < 1} =: U \ {0}.
Let P denote the class of functions p given by
p(z) = 1+
∞−
n=1
pnzn (z ∈ U), (1.2)
which are analytic and convex in U and satisfy the condition
ℜ(p(z)) > 0 (z ∈ U).
Let f , g ∈ Σ , where f is given by (1.1) and g is defined by
g(z) = 1
z
+
∞−
n=1
bnzn.
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Then the Hadamard product (or convolution) f ∗ g of the functions f and g is defined by
(f ∗ g)(z) := 1
z
+
∞−
n=1
anbnzn =: (g ∗ f )(z).
A function f ∈ Σ is said to be in the classMS∗(α) ofmeromorphic starlike functions of order α if it satisfies the inequality
ℜ

zf ′(z)
f (z)

< −α (z ∈ U; 0 5 α < 1).
Moreover, a function f ∈ Σ is said to be in the classMC ofmeromorphic close-to-convex functions if it satisfies the condition
ℜ

zf ′(z)
g(z)

< 0

z ∈ U; g ∈MS∗(0) =:MS∗ .
Recently, Srivastava et al. [1] (see also [2,3]) considered the classMS∗s of meromorphic starlike functions with respect to
symmetric points, which satisfy the condition
ℜ

zf ′(z)
f (z)− f (−z)

< 0 (z ∈ U).
Let
f(z) = z + a2z2 + · · ·
be analytic in U. If there exists a function g ∈ S∗(1/2) such that
ℜ

z2f ′(z)
g(z)g(−z)

< 0 (z ∈ U),
then we say that f ∈ Ks, where S∗(1/2) denotes the usual class of starlike functions of order 1/2. The function classKs was
introduced and studied recently by Gao and Zhou [4] (see also [5–8]).
Motivated essentially by the above mentioned function classesMS∗s andKs, we introduce and investigate the following
class of meromorphic functions.
Definition. A function f ∈ Σ is said to be in the classMK if it satisfies the inequality
ℜ

f ′(z)
g(z)g(−z)

> 0 (z ∈ U), (1.3)
where g ∈MS∗ (1/2) .
For some recent investigation of meromorphic functions, see (for example) the works of [9–17,1,18–23] and the
references cited therein.
In the present paper, we prove that the classMK is a subclass of meromorphic close-to-convex functions. Furthermore,
we derive some interesting properties of the classMK .
2. Properties of meromorphic starlike functions
We begin by proving the following result of meromorphic starlike functions.
Theorem 1. Suppose that ϕ ∈MS∗(α1) and ψ ∈MS∗(α2) with 0 5 α1 + α2 − 1 < 1. Then
zϕ(z)ψ(z) ∈MS∗(α1 + α2 − 1).
Proof. Let ϕ ∈MS∗(α1) and ψ ∈MS∗(α2). By definition, we know that
ℜ

zϕ′(z)
ϕ(z)

< −α1 (0 5 α1 < 1),
and
ℜ

zψ ′(z)
ψ(z)

< −α2 (0 5 α2 < 1).
Next, we suppose that
h(z) := zϕ(z)ψ(z).
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Then, we easily find that
zh′(z)
h(z)
= zϕ
′(z)
ϕ(z)
+ zψ
′(z)
ψ(z)
+ 1.
It follows that
ℜ

zh′(z)
h(z)

= ℜ

zϕ′(z)
ϕ(z)

+ℜ

zψ ′(z)
ψ(z)

+ 1 < −(α1 + α2 − 1).
By noting that 0 5 α1 + α2 − 1 < 1, which implies that
h ∈MS∗(α1 + α2 − 1).
The proof of Theorem 1 is thus completed. 
Theorem 2. Let g ∈MS∗(1/2). Then
−zg(z)g(−z) ∈MS∗.
Proof. By setting α1 = α2 = 1/2 in Theorem 1, we easily get the assertion of Theorem 2. 
Remark 1. In view of the definitions ofMK andMC, and Theorem 2, we deduce that the classMK is a subclass of the
classMC of meromorphic close-to-convex functions.
To derive our next result, we need the following lemma.
Lemma 1 (see [24]). Suppose that
h(z) = 1
z
+
∞−
n=1
cnzn ∈MS∗.
Then
|cn| 5 2n+ 1 (n ∈ N := {1, 2, . . .}).
Each of these inequalities is sharp, with the extremal function given by
h(z) = z−1 1+ zn+1 2n+1 . (2.1)
Theorem 3. Let
g(z) = 1
z
+
∞−
n=1
bnzn ∈MS∗(1/2).
Then
|B2n−1| 5 1n (n ∈ N), (2.2)
where
B2n−1 = 2b2n−1 + 2b1b2n−3 − 2b2b2n−4 + · · · + (−1)n−1bn−2bn + (−1)nb2n−1. (2.3)
Each of these inequalities is sharp, with the extremal function given by
g(z) = z−1 1+ zn+1 1n+1 . (2.4)
Proof. Suppose that
G(z) := −zg(z)g(−z). (2.5)
By Theorem 2, we know that G ∈MS∗. It is easy to verify that
G(−z) = −G(z),
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which implies that G is a meromorphic odd starlike function. If we set
G(z) = 1
z
+
∞−
n=1
B2n−1z2n−1, (2.6)
it follows from Lemma 1 that
|B2n−1| 5 1n (n ∈ N). (2.7)
By substituting the series expressions of g and G into (2.5) and comparing the coefficients of two sides of the resulting
equation, we get the desired expression of B2n−1 given by (2.3). 
3. Properties of the function classMK
In this section, we first derive the following coefficient inequality of the classMK . The following lemmawill be required
in the proof of Theorem 4.
Lemma 2 (see [25]). If the function p ∈ P is given by (1.2), then
|pn| 5 2 (n ∈ N),
and
1− r
1+ r 5 |p(z)| 5
1+ r
1− r (|z| = r; 0 < r < 1).
Theorem 4. Suppose that
f (z) = 1
z
+
∞−
n=1
anzn ∈MK.
Then
|a1| 5 1,
and
|an| 5 2n

1+
[n/2]−
k=1
1
k

(n ∈ N \ {1}), (3.1)
where [n/2] denotes the biggest integer not exceeding n/2.
Proof. Suppose that f ∈MK . Then, we know that
−ℜ

zf ′(z)
G(z)

> 0,
where G is given by (2.5). If we set
q(z) := − zf
′(z)
G(z)
, (3.2)
it follows that
q(z) = 1+ d1z + d2z2 + · · · ∈ P . (3.3)
In view of Lemma 2, we know that
|dn| 5 2 (n ∈ N). (3.4)
By substituting the series expressions of functions f , G and q into (3.2), we obtain
(1+ d1z + d2z2 + · · · + dnzn + · · ·)

1
z
+ B1z + B3z3 + · · · + B2n−1z2n−1 + · · ·

= 1
z
− a1z − 2a2z2 − · · · − 2na2nz2n − (2n+ 1)a2n+1z2n+1 − · · · . (3.5)
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Since f is univalent in U∗, it is well known that
|a1| 5 1.
On the other hand, we find from (3.5) that
− 2na2n = d1B2n−1 + d3B2n−3 + · · · + d2n−1B1 + d2n+1 (n ∈ N), (3.6)
and
− (2n+ 1)a2n+1 = d2B2n−1 + d4B2n−3 + · · · + d2nB1 + d2n+2 (n ∈ N). (3.7)
Combining (2.7), (3.4), (3.6) and (3.7), we have
n |a2n| 5 1n +
1
n− 1 + · · · +
1
2
+ 1+ 1 (n ∈ N), (3.8)
and
(2n+ 1) |a2n+1| 5 2

1
n
+ 1
n− 1 + · · · +
1
2
+ 1+ 1

(n ∈ N). (3.9)
Thus, the assertion (3.1) of Theorem 4 follows directly from (3.8) and (3.9). 
Theorem 5. Let
g(z) = 1
z
+
∞−
n=1
bnzn ∈MS∗(1/2).
If f ∈ Σ satisfies the condition
∞−
n=1
n |an| +
∞−
n=1
|B2n−1| 5 1, (3.10)
where B2n−1 is given by (2.3), then f ∈MK .
Proof. To prove f ∈MK , it suffices to show that
zf ′(z)
G(z) + 1
zf ′(z)
G(z) − 1
 < 1,
where G is given by (2.6). From (3.10), we know that
2−
∞−
n=1
n |an| −
∞−
n=1
|B2n−1| =
∞−
n=1
n |an| +
∞−
n=1
|B2n−1| > 0. (3.11)
Now, by the maximummodulus principle, we deduce from (1.1) and (3.11) that

zf ′(z)
G(z) + 1
zf ′(z)
G(z) − 1
 =

∞∑
n=1
nanzn+1 +
∞∑
n=1
B2n−1z2n
∞∑
n=1
nanzn+1 −
∞∑
n=1
B2n−1z2n − 2

<
∞∑
n=1
n |an| +
∞∑
n=1
|B2n−1|
2−
∞∑
n=1
n |an| −
∞∑
n=1
|B2n−1|
5 1.
This evidently completes the proof of Theorem 5. 
Theorem 6. Let f ∈MK . Then
f (z) ∗
[
1− eiθ  2z − 1
z(1− z)2
]
+ G(z) ∗
[
1+ eiθ  z2 − z + 1
z(1− z)
]
≠ 0 (z ∈ U∗; 0 < θ < 2π), (3.12)
where G is given by (2.6).
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Proof. Suppose that f ∈MK . Then, we know that
− zf
′(z)
G(z)
≠ 1+ e
iθ
1− eiθ (z ∈ U; 0 < θ < 2π), (3.13)
where G is given by (2.6). It is easy to see that the condition (3.13) can be written as
zf ′(z)

1− eiθ + G(z) 1+ eiθ  ≠ 0 (z ∈ U∗; 0 < θ < 2π). (3.14)
Note that
zf ′(z) = f (z) ∗ 2z − 1
z(1− z)2 , (3.15)
and
G(z) = G(z) ∗ z
2 − z + 1
z(1− z) , (3.16)
by substituting (3.15) and (3.16) into (3.14), we get the desired assertion (3.12) of Theorem 6. 
The following lemma will be required in the proof of our next result.
Lemma 3 (see [26]). Suppose that g ∈MS∗. Then
(1− r)2
r
5 |g(z)| 5 (1+ r)
2
r
(|z| = r; 0 < r < 1).
Theorem 7. Let f ∈MK . Then
(1− r)3
r2(1+ r) 5
f ′(z) 5 (1+ r)3
r2(1− r) (|z| = r; 0 < r < 1). (3.17)
Proof. Suppose that f ∈MK . By definition, we know that
−ℜ

zf ′(z)
G(z)

> 0,
where G given by (2.5) is a meromorphic odd starlike function. Combining Lemma 2, (3.2) and (3.3), we have
1− r
1+ r 5 |q(z)| 5
1+ r
1− r (|z| = r; 0 < r < 1). (3.18)
Thus, by virtue of Lemma 3, (3.2) and (3.18), we readily get (3.17). The proof of Theorem 7 is thus completed. 
The proof of the following result is similar to that of Theorem 4 in [4]. We here choose to omit the details.
Theorem 8. Let f ∈MK . Then f is meromorphic convex in
0 < |z| < r0 = 12

1+√5−

2

1+√5

≈ 0.346 · · · .
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